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Abstract:  

In this paper we study systems of difference equations numerically and theoretically. These systems were 

considered by many researchers. We will focus on the general form of the solution and the limits. We use 

in certain cases the computer to verify the limit properties. In all the systems, the first equation is 

independent of the second equation. 
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 الملخص 

في هذا البحث قمنا بدراسة نظم معادلات الفروق عدديا ونظريا وقد درس عدد من الباحثين هذه الانظمة، وقد ركزنا  

على الشكل العام للحل والنهايات، استخدمنا الحاسوب للتحقق من خصائص النهايات في جميع الأنظمة التي تكون فيها  

 المعادلة الأولى مستقلة عن الثانية.

 

Introduction 

Difference equations appear as natural descriptions of observed evolution phenomena 

because measurements of time evolving variables are discrete and as such, these equations 

are in their own right important mathematical models. More importunately, difference 

equations also appear in the study of discrimination methods for difference equations. 

Several results in the theory of difference equation have been obtained as more or less 

natural discrete analogues of corresponding results of difference equation. Recently many 

researchers worked in the topic of the behavior of the solution of difference equations 

[5,7], are working recently on this topic, especially on the rational difference equations. 

The following difference equation 

xn+1 = max {
1

xn

,
An

xn−1

}. 

was studied (see [7]). In some cases they found  the general form of the solution, also 

they proved that every positive solution of this equation is bounded. In [3] Elsayed 

computed the general form of the solutions of difference equation  

xn+1 =
xn−5

1+xn−1 xn−3xn−5
.  
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Further, he proved that every positive solution of this equation is bounded and  

lim
n→∞

xn = 0
 

In [1],  Abuhayal considered the following system of difference equations: 

xn+1=
xn−1

xn−1+ r
,   yn+1 =

xn−1yn

xn−1yn+ r
 

Abuhayal calculated the solution for the system with the following initial values:  

x0 = a, x−1 = b, y0 = c 

In this solution distinguish between odd and even terms. In [9], Yaqoub considered the 

following system of difference equations: 

xn+1 =
xn−1

xn+r
,   yn+1 =

yn

xn−1yn−1+r
 

proved the following result: Let r = 1  and  a, b, c, d  be real numbers. The solution for the 

system with the following initial values: 

x−1 = a, x0 = 0 ,y−1 = b, y0 = d 

is 

x2n = 0  , y2n =
d

ab + (n − 1)ad + 1
, x2n+1 = a    , y2n+1 =

d

ab + nad + 1
  . 

      In [6] the following system of equations was studied by Ibrahim 

(
xn+1

yn+1
) = (

xn−1

xn−1 + r
yn−1

xnyn−1 + r

), 

where r is a fixed real number, with the following initial condition: 

x0 =  b, x₋₁ = c,y0 =  a, y₋₁ = d .  

In [6] Ibrahim proved the following result: Let a ,b ,c ,d, r be positive real numbers. Then, 

the general solution of the following system: 

x2k =
b

G(b,k)
 , x2k+1 =

c

G(c,k+1)
, 

y2k =
ack

ack+a ∑ ck−i+1 ri−1 ∏ G(c,k−j)+rk ∏ G(c,k−j)k−1
j=0

i−2
j=0

k
i=2

 , 

y2k+1 =
dbk+1

dbk+1+db ∑ bk−i+1 ri−1 ∏ G(b,k−j)+rk ∏ G(b,k−j)k−1
j=0

i−2
j=0

k
i=2

,  
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where 

G(c, 0) = c + r, G(c, i) = c + rG(c, i − 1). 

  In [4] Bany Khaled considered the system 

 

ryx

yx

nrx

x

n
nn

nn

n

n yx
++++

−−

−−− ==
11

111

11 ,  

with initial values 

,,0, 101 byxax === −−  

Hence, according to definition obtain 

.0,0 22 == kk yx  

Bany Khaled proved an estimate for the solution. Based on it she proved:  If  0, ba   and  

1r such that  ,2 ra    then .0lim,0lim 1212 == +
→

+
→

k
k

k
k

yx  

1. Main Results  

In this paper we consider the following systems 

 

 xn+1 =
xn

xn+1
  ,   yn+1 =

xn−1yn

xn−1yn+1
                                  (1)    

 xn+1 =
xn−1

xn−1+r
  ,   yn+1 =

xn−1yn−1

xn−1yn−1+1
                                 (2) 

We define 

W(p, f)= ∑
1

Г(k+p)

f
k=0  ,   R(b) = Г(b) − Г(b, 1)              (3) 

we verified the following result by Mathematic for 0p , 

 

∑
1

Г(j+p)
= ef

j=0
(p−1)R(p−1)

Г(p)
− e

(f+p)R(f+p)

Г(f+1+p)
                         (4) 

 

where e is the Euler number (approx. 2.718) and Г(a,x) is the incomplete gamma function. 

we verified also the following summation laws by Mathematical for  𝑚, 𝑛 > 0 : 

 

∏
l

l+d

m−1
l=1 =

Γ(d+1)(m−1)!

Γ(d+m)
                       (5) 
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∑
Γ(d+l)

(l−1)!
=n−1

l=1
Γ(d+n)

(d+1)(n−2)!
                                                                         (6) 

 

Hence, we obtain 

∏
l

l+d

m
l=1 =

Γ(d+1)m!

Γ(d+m+1)
, ∑

Γ(d+m)

(m−1)!
=n−1

m=2
Γ(d+n)

(d+1)(n−2)!
− Γ(d + 1)             (7) 

∑
Γ(d+m)

(m−1)!
=n

m=3
Γ(d+n+1)

(d+1)(n−1)!
− Γ(d + 1) −

Γ(d+2)

(2−1)!
=

Γ(d+n+1)

(d+1)(n−1)!
− Γ(d + 1) −

Γ(d + 2)     (8) 

∑
Γ(d+m+1)

m!
=n

m=2 ∑
Γ(d+j)

(j−1)!
=

Γ(d+n+2)

(d+1)n!
− Γ(d + 1)n+1

j=3 − Γ(d + 2)                                       (9) 

1.1. The general solution of system (1)  

We study now the system (1) with initial values 

 

x0 = a, x−1 = b, y0 = c. 

We find that in general 

xn =
a

na + 1
, yn =

an−1bc

Pn

, for n = 1,2, … 

Pn+1 = anbc + ((n − 1)a + 1)Pn  ,    P1 = bc + 1. 

hence 

Pn = an−1bcГ (n − 2 +
1+a

a
) ∗ W(a, n − 2) + Z,  

 

where 

Z =
an−2Г (n − 2 +

1+a

a
)

Г (
1+a

a
)

P1. 

We reach the following result 

 

Proposition (2-1):  The general solution of the system (1) is: 
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x1 =
a

a + 1
, y1 =

bc

bc + 1
xn =

a

na + 1
, 

yn =
abce−1Г(1 + a−1)Г(n + a−1)

(n + a−1 − 1)(Г(n + a−1 − 1)R(a−1) −  Г(a−1)R(n + a−1 − 1)) + Г(n + a−1 − 1)
. 

 

proof: we concluded previously that 

yn =
Г(1 + a−1)

Г(n − 1 + a−1)

an−1bc

an−1bcГ(1 + a−1)W(a, n − 2) + an−2(bc + 1)
 

 

If we set p =
1+a

a
= 1 + a−1in(4), then we obtain for n = 2, 3, … 

W(a, n − 2) =
a−1e(Г(a−1) − Г(a−1, 1))

Г(1 + a−1)

−
e(n − 1 + a−1)(Г(n − 1 + a−1) − Г(n − 1 + a−1, 1))

Г(n + a−1)
. 

yn =
Г(1 + a−1)

Г(n − 1 + a−1)

abc

abcГ(1 + a−1)W(a, n − 2) + bc + 1

=
abce−1Г(1 + a−1)Г(n + a−1)

H
 

Where: 

 

H = Г(n − 1 + a−1)

+ bc[Г(n + a−1)R(a−1) + Г(n − 1 + a−1)

− (an + 1 − a)Г(1 + a−1)R(n + a−1 − 1)] 

= Г(n + a−1 − 1)a−1((an + 1 − a)R(a−1) + a)

− (an + 1 − a)Г(1 + a−1)R(n + a−1 − 1) 

= (an + 1 − a)(a−1Г(n + a−1 − 1)R(a−1) −  Г(1 + a−1) R(n + a−1 − 1))

+ Г(n + a−1 − 1) 

= (n + a−1 − 1)(Г(n + a−1 − 1)R(a−1) −  Г(a−1)R(n + a−1 − 1)) + Г(n + a−1 − 1) 

since 

Г(n + a−1)R(a−1) + Г(n − 1 + a−1) = Г(n + a−1 − 1)((n − 1 + a−1)R(a−1) + 1) 

= Г(n + a−1 − 1)a−1((an + 1 − a)R(a−1) + a).  
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Corollary (2-2) If  𝑎 > 0,  then the solution of the system (1) converges to 

 

abcГ(1+a−1)

eR(a−1)
. 

proof: We know 

yn =
abce−1Г(1 + a−1)

(n + a−1 − 1) (
Г(n+a−1−1)

Г(n+a−1)
R(a−1) −  

Г(a−1)

Г(n+a−1)
R(n + a−1 − 1)) +

Г(n+a−1−1)

Г(n+a−1)

 

=
abce−1Г(1+a−1)

R(a−1)− 
Г(a−1)

Г(n+a−1−1)
R(n+a−1−1)+

1

n+a−1−1

 

Since 

R(b) = Г(b) − Г(b, 1) = ∫ e−uub−1du
1

0
, 

|R(n + a−1 − 1)| ≤ ∫ un+a−1−2du =
1

n+a−1−1

1

0
→ 0  as  n → ∞ 

So, we are done 

1.2. The general solution of system (2) 

   We consider now the system (2) with the following initial values 

dybycxax ==== −− 0101 ,,,  

Proposition (2-3): If   𝑎, 𝑐 > 0,  then the general solution of the system (2) is 

1
2

+
=

ck

c
x k ,   

1)1(
12

++
=+

ka

a
x k   ,        𝑛 ↔ 𝑘 

,
))(()3,2()()( )(

)(
111111

1

2

dccccc

c
k

ckkWk
y

+++−+++


=  

,...4,3for  
))(()2,2()()( )(

)(
111111

1

12 =
+++−+++


=

+++ k
akkWk

y
ba

a
aa

a
aa

a
k  

Proof: According to definition 

)1(11
,

)1(11 11

11
1

1

1
1

H

ab

ab

ab

yx

yx
y

G

a

a

a

x

x
x =

+
=

+
==

+
=

+
=

−−

−−

−

−  

where we denote by  )(nG   (res.  )(nH ) the denominator of nx  (res.  ny  ). Since the 

variables nx  and ny  are separated in the even and the odd cases we are going to consider 

just one case. Now, we obtain 

,
)2(110

0
2

G

c

c

c

x

x
x =

+
=

+
=

)3()1(11
)1(

)1(

1

1
3

G

a

Ga

a

x

x
x

G
a

G
a

=
+

=
+

=
+

= , …, 

)7()5()5(11

4

4

4

)5()5(

)5()5(

55

55
7 3

3

H

ba

HGba

ba

yx

yx
y

H
ba

G
a

H
ba

G
a

=
+

=
+


=

+
=  
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In general we denote by  

1)( += ajaG j  

 

We conclude that 

)(
2

cG

c
x

k

k = ,
)(1

12
aG

a
x

k

k

+

+ = , ,
)2(

,
)12(

2

1

12
kH

dc
y

kH

ba
y

k

k

k

k =
+

=
+

+  

1)1( += abH ,  )1)(()1()1()3( 1

22 ++=+= abaGbaHGbaH ,   

),1)(()()(

))1)(()(()3()3()5(

212

23

1

2

2

33

+++=

+++=+=

abaGaGabGaba

abaGbaaGbaHGbaH
 

))1)(()()()(()5()5()7( 212

23

3

44 ++++=+= abaGaGabGabaaGbaHGbaH  

)1)(()()()()()( 32132

2

3

34 ++++= abaGaGaGaGabGaabGaba . 

We use the notation  

)()(
1

aGaB j

n

j

n 
=

=  

We rewrite 

)1)((
)(

)(

)(

)(
)132( 3

1

32

2

334 ++++=+ abaB
aB

aB
ba

aB

aB
babaH  

Thus the general form for ,...5,4,3=k  

),1)((
)(

)(
)12( 1

1

1

1 +++=+
−

−+
−

=

+

 abaB
aB

aB
babakH k

ik

kik
k

i

k  

)(
)(

)(

)( 1

1

11
1

1 aB

a
abBa

aB

aB
ba

ik

ik

i

k

k

ik

kik
k

i −

−−

=

+

−

−+
−

=

 =  

Since 

)1()()(
11

+== 
==

ajaGaB
n

j

j

n

j

n  

But 

)()()( 11

0

q

p

q

pqn
n

l

nqqlp −++

=

+=+  

Hence, 

),()()( 1111

aa
an

n naaB −++ +=  

 

)(

)(
 

)(

)(
 

)(
)(

11

11

1
1

1
11

1

1

1

a
aik

a

ik

ia

a
a

kk

ik

iik

i

k

k

ika

ak
baa

aB

ra
abBa

++−

−−

=

+
++

−

−−

=

+

+−





+
=  = 

)(

1
 )

1
( 

)(

1
 )

1
( 

1
2

1

1

1

1

1

a

k

i

k

a
a

k

i

k

ia

a
kba

ika

a
kba

+

+
+=

+−

+
+ 

=

+

+

−

=

+ ,  
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)
1

()()()2,2
1

()
1

( )12( 111111

b
akark

a
W

a

a
kbabakH

aa

akkkk +++−+
+

++=+ −++++  

)
1

()()()2,2
1

()
1

( 1)12( 11111

b
akak

a
W

a

a
kbakH

aa
akk +++−+







 +
++=+ −+++ ,     

y2k+1 =  
bГ(a−1)

Г(a−1)(1 + Г(k + 1 + a−1))W(2 + a−1, k − 2) + Г(k + 1 + a−1)(a + b−1)
. 

 

Similarly we can prove the other case. 

 

Corollary(2-4): If  a, b, c, d > 0, then the solution of the system (2) converges to zero. 

 

proof: Since 

W(2 + a−1, k − 2) = ∑
1

Г(l + 2 + a−1)

k−2

l=0

 

 

It is an incearsing function in k. So the denominator of y2k+1 increases to infinity. Similarly 

we can prove the that y2k+1, x2k+1 and x2k converge to zero other case. 

2. Generalizition of system 1 

We generalize system (1) by replacing the form of xn by a more general form as follows 

 

xn =
a

G(n)
, yn+1 =

xn−1yn

xn−1yn + 1
, n = 0,1,2, … 

where 

y0 = c,    G(n), n = −1,0,1,2, …. are known nonzero values, 

y1 =
x−1y0

x−1y0 + 1
=

a

G(−1)
c

a

G(−1)
c + 1

=
ac

ac + G(−1)
=

ac

P(1)
 

y2 =
x0y1

x0y1 + 1
=

a

G(0)

ac

P(1)
a

G(0)

ac

P(1)
+ 1

=
a2c

a2c + G(0)P(1)
=

a2c

P(2)
 

y3 =
x1y2

x1y2 + 1
=

a

G(1)

a2c

P(2)

a

G(1)

a2c

P(2)
+ 1

=
a3c

a3c + G(1)P(2)
=

a3c

P(3)
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We obtain in general 

yn =
anc

P(n)
for n = 1,2, … 

where 

P(n) = anc + G(n − 2)P(n − 1)for n = 1,2, … 

 

We make the convention P(0)=1. In details:  

 

P(2) = a2c + G(0)P(1) = a2c + acG(0) + G(−1)G(0) 

P(3) = a3c + G(1)P(2) = a3c + G(1)(a2c + acG(0) + G(−1)G(0)) = 

a3c + a2cG(1) + acG(0)G(1) + G(−1)G(0)G(1) 

In general when n = 4,5,6, … 

 

P(n) = anc + an−1cG(n − 2) + ⋯ + acG(0)G(1) … G(n − 2)

+ G(−1)G(0)G(1) … G(n − 2) = c(an + an−1G(n − 2) + ⋯

+ aG(0)G(1) … G(n − 2)) + G(−1)G(0)G(1) … G(n − 2) =

=  cB(−1, n − 2) ∑
am

B(−1, m − 2)

n

m=1

+ B(−1, n − 2) = 

B(−1, n − 2) (c ∑
am

B(−1, m − 2)

n

m=1

+ 1) 

Now, we are going to consider two cases regarding the form of G(l). We study the limit 

of the solution in both cases and prove that 

lim
n→∞

yn = 0. 

 

Case 1: If we choose 

G(l) =
l + 2

l + 2 + d
, d ≠ −1, −2, … 

then we obtain G(l) ≠ 0 for all l= −1, 0, 1, …. Also, 
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B(−1, m − 2) = ∏
l

l+d

m
l=1 =

Γ(d+1)Γ(m+1)

Γ(d+m+1)
= ⋯ =

Γ(d+1)m…Γ(1)

(d+m)…(d+1)Γ(d+1)
=

m

d+m
…

1

d+1
,   

If d > 0 then 0 < 𝐵(−1, m − 2) < 1. Also, 

lim
n→∞

B(−1, n − 2) = 0 

We know according to (5) - (9): 

 

∑
Γ(d + m)

(m − 1)!
=

n−1

m=2

Γ(d + n)

(d + 1)(n − 2)!
− Γ(d + 1), 

∑
Γ(d+m+1)

m!
= ∑

Γ(d+m)

(m−1)!
=n+1

m=2
n
m=1

Γ(d+n+2)

(d+1)n!
− Γ(d + 1). 

Hence, in case a = 1 

∑
am

B(−1,m−2)
n
m=1 = ∑

1

B(−1,m−2)
=n

m=1 ∑
Γ(d+m+1)

Γ(d+1)m!
=n

m=1
1

Γ(d+1)
∑

Γ(d+m+1)

m!
==n

m=1
1

Γ(d+1)
(

Γ(d+n+2)

(d+1)n!
−

Γ(d + 1)) =
Γ(d+n+2)

Γ(d+2)n!
− 1, 

B(−1, n − 2) ∑
am

B(−1,m−2)
n
m=1 =

n!Γ(d+1)

Γ(d+n+1)
(

Γ(d+n+2)

Γ(d+2)n!
− 1) =

d+n+1

d+1
−

n!Γ(d+1)

Γ(d+n+1)
. 

We note that 

n!

Γ(d + n + 1)
=

n

d + n

n − 1

d + n − 1
…

1

d + 1

1

Γ(d + 1)
 

n! Γ(d + 1)

Γ(d + n + 1)
=

n

d + n

n − 1

d + n − 1
…

1

d + 1
 

If d is a positive number, then 

 

lim
n→∞

n!Γ(d+1)

Γ(d+n+1)
= 0, lim

n→∞

d+n+1

d+1
= ∞, lim

n→∞
B(−1, n − 2) ∑

am

B(−1,m−2)
n
m=1 = ∞. 

 

Hence, when c ≠ 0 

P(n) = B(−1, n − 2) (c ∑
am

B(−1, m − 2)

n

m=1

+ 1) = cB(−1, n − 2) ∑
am

B(−1, m − 2)

n

m=1

+ B(−1, n − 2) 

Hence in case a = 1 

lim
n→∞

|B(−1, n − 2) (c ∑
am

B(−1,m−2)
n
m=1 + 1)| = ∞, 
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lim
n→∞

yn = lim
n→∞

anc

P(n)
= lim

n→∞

c

P(n)
= 0.  

Case 2: If we choose 

G(−1) = ab−1, G(l) = la + 1,  forn=0,1,2,… 

then we obtain G(l) ≠ 0 for all l = −1,0, 1, …. Also, for m>1  

 

B(−1, m − 2) = ab−1 ∏(la + 1)

m−2

l=0

= ab−1
am−1Γ (m − 1 +

1

a
)

aΓ (1 +
1

a
)

=
am−1Γ (m − 1 +

1

a
)

bΓ (1 +
1

a
)

, 

∑
am

B(−1, m − 2)

n

m=1

= ∑
abΓ (1 +

1

a
)

Γ (m − 1 +
1

a
)

n

m=1

 

B(−1, n − 2) ∑
am

B(−1, m − 2)

n

m=1

=
an−1Γ (n − 1 +

1

a
)

bΓ (1 +
1

a
)

∑
abΓ (1 +

1

a
)

Γ (m − 1 +
1

a
)

n

m=1

= an ∑
Γ (n − 1 +

1

a
)

Γ (m − 1 +
1

a
)

n

m=1

 

Γ (n − 1 +
1

a
)

Γ (m − 1 +
1

a
)

=
(n − 2 +

1

a
) Γ (n − 2 +

1

a
)

Γ (m − 1 +
1

a
)

= ⋯ =
(n − 2 +

1

a
) … (m − 1 +

1

a
) Γ (m − 1 +

1

a
)

Γ (m − 1 +
1

a
)

 

B(−1, n − 2) ∑
am

B(−1, m − 2)

n

m=1

= an ∑ ∏ (n − l +
1

a
)

n−m+1

l=2

n

m=1

= ∑ an ∏ (n − l +
1

a
)

n−m+1

l=2

n

m=1

 

If a ≥ 1 then an ≥ 1 

lim
n→∞

B(−1, n − 2)

an
∑

am

B(−1, m − 2)

n

m=1

= ∞, 

lim
n→∞

B(−1,n−2)

an = lim
n→∞

an−1Γ(n−1+
1

a
)

anbΓ(1+
1

a
)

= lim
n→∞

1

ab
(n − 2 +

1

a
) … (1 +

1

a
) = ∞ . 

Hence, when a ≥ 1, c > 0 

 

P(n) = B(−1, n − 2) (c ∑
am

B(−1, m − 2)

n

m=1

+ 1) = 

cB(−1, n − 2) ∑
am

B(−1, m − 2)

n

m=1

+ B(−1, n − 2) 

lim
n→∞

B(−1,n−2)

an (c ∑
am

B(−1,m−2)
n
m=1 + 1) = ∞, 



Rawafed Almarefa Journal (Vol. 8, 2023)                 On the Limit of Two Dimensional Systems 

P a g e  | 175 |  
 

lim
n→∞

yn = lim
n→∞

c
P(n)

an

= lim
n→∞

c
B(−1,n−2)

an (c ∑
am

B(−1,m−2)
n
m=1 +1)

= 0.  

3. Two systems with general parameter r 

We consider the following system just in case of positive initial values and r: 

 

xn+1 =
xn

xn−1+r
, yn+1 =

xnyn

xn−1yn−1+r
(3) 

 

We will study first the following equation since this equation is separated than the second 

one.  

Lemma (4-1). Suppose  x−1, r > 0, x0 = a > 0. Then  xn < ar−n   ,  n= 1,2, … 

 

proof: We start with 

 

 x1 =
x0

x−1+r
=

a

x−1+r 
<

a

r
= ar−1   since x−1 + r > 𝑟 > 0. 

We consider this relation as basis step. We continue by induction: Suppose that  

xk < 𝑎r−k for some integer k. Then according to definition and that  xk−1 > 0 

 

xk+1 =
xk

xk−1+r
<

xk

r
<

ar−k

r
=

a

rk+1
 

Lemma (4-2): Assume r, x−1, y−1, x0, y0 > 0. Then  yn > 0  𝑓𝑜𝑟 𝑛 = 0,1,2,3, … 

 

proof:  We start with 

 

y0+1 =
x0y0

x0−1y0−1+r
> 0, y1+1 =

x1y1

x0y0+r
> 0. 

 

We consider this relation as basis step. We continue by induction: Suppose that  yk > 0 

for some integer k. Then, we obtain 

yk+2 =
xk+1yk+1

xkyk + r
> 0 
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as the fraction of positive quantities This is the induction step.  

 

Lemma (4-3): Assume r, x−1, y1 > 0 𝑎𝑛𝑑 x0 = a > 0, y0 = b. Then 

 

yn < anbr−0.5n(n+1) for n = 1,2,3, … 

 

Proof: According to lemma 2.2 

y1 =
x0y0

x−1y−1 + r
<

ay0

r
=

ab

r
, y2 =

x1y1

x0y0 + r
<

x1y1

r
<

1

r

a

r

ab

r
=

a2b

r3
 

 

We consider this relation as basis step. We denote by 

 

f(n) = 1 + 2 + 3 + 4 + ⋯ + n =
n(n+1)

2
.    

Moreover, 

y3 <
x2y2

r
<

a

r3
y2 <

a

r3

a2b

r3
=

a3b

rf(3)
 

We continue by induction: Suppose that 

yk <
akb

rf(k)
 

 for some integer k. Then, we obtain 

 

yk+1 =
xkyk

xk−1yk−1+r
<

xkyk

r
<

a

rk

yk

r
=

a

rk+1

akb

rf(k) =
ak+1b

rf(k)+k+1
=

ak+1b

rf(k+1)
. 

 

Theorem (4-4): Assume r > 1andx−1, y−1, x0, y0 > 0. Then  lim
r→∞

xn = 0, lim
n→∞

yn = 0. 

 

proof:  According to lemma (2.3) 
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0 < xn <
x0

rn
n= 1,2, … 

On the other hand 

1

rn
→ 0 as n → ∞ 

We apply the squeezing theorem in order to conclude the result for xn. Now, for yn we 

know that according to lemma 2.3 

0 < 𝑦𝐧 <
x0

ny0

rf(n)  , 𝑛 = 1, 2, … n 

Since f(n) → ∞ as n → ∞ we are done. 

       We consider a special case, namely r = 0. In this case it is easy to compute the general 

solution. If we take the initial values 

x−1 = a , x0 = c , y−1 = b , y0 = d 

Then we obtain for  n = 1, 2, … 

x6n−2 =
a

c
, y6n−2 = (

a

c2)2ncb

d
,    x6n−1 = a, y6n−1 = (

a2

c
)2nd, 

and for  n = 0, 1, 2 , … 

x6n = c, y6n = (ac)2nd,x6n+1 =
c

a
, y6n+1 = (c2

a
)2ncd

ab
, 

x6n+2=
1

a
,   y6n+2=(

c

a2)(2n+1)1

b
, x6n+3 =

1

c
,        y6n+3 =

1

(ac)2n+1d
. 

          We notice that we have a periodic solution, which consists of 6 elements. This is an 

essential change in the behavior of the sequence. It is an open problem, what will happen 

if r is negative. 

we study now the system 

xn+1 =
xn−1

xn+r
,  yn+1 =

yn

xn−1yn−1+r
   (4) 

We consider one vanishing initial value in order to simplify the calculations. For 

example, 

x−1 = a, x0 = 0 

y−1 = b, y0 = d 

We obtain: 

x1 =
a

r
,y1 =

d

ab+r
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x2 =
0

x1+1
= 0,y2 =

d
ab+r

r
=

d

abr+r2 

x3 =
a

r2,y3 =
d

abr+r2

a

r   
d

(ab+r)
+r

=
d

ad+abr2+r3 

x4 = 0,y4 =
d

ad+abr2+r3

r
=

d

adr+abr3+r4 

x5 =
a

r3
, y5 =

d

adr+abr3+r4

a

r2
d

ad+abr2+r3+r
=

dr

ad(r0 + r0+3) + abr2+3 + r3+3
 

y6 =
dr1

ad(r + r4) + abr6 + r7
 

y7 =

dr

ad(r+r4)+abr6+r7

a

r3

dr

ad(1+r3)+abr5+r6 + r
=

dr1+2

ad(r1 + r1+3 + r1+6) + abr5+4 + r6+4
 

y8 =
dr1+2

ad(r2 + r5 + r8) + abr10 + r11
 

y9 =
dr1+2+3

ad(r1+2 + r1+2+3 + r1+2+6 + r1+2+9) + abr9+5 + r10+5
 

=
drf(3)

ad(rf(2)+rf(2)+3+rf(2)+6+rf(2)+9)+abrf(5)−1+rf(5).  

We use as previous the notation 

f(n) = 1 + 2 + 3 + 4 + ⋯ + n =
n(n+1)

2
. 

Theorem (4-5): Assume r ≠ 1and 

x−1 = a, x0 = 0, y−1 = b, y0 = d 

Then for n>2 the solution is given byy2n+2 =
1

r
y2n+1and 

y2n+1 =
drn(r3−1)

adr(r3n−1)+abr3n(r3−1)+r3n+1(r3−1)
.  

proof. According to previous calculations we see that for n = 3, 4, 5, … 

x2n = 0, x2n+1 =
a

rn+1
, 

y2n+1 =
drf(n−1)

adE(r, n) + abrf(n+1)−1 + rf(n+1)
, 
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y2n+2 =
drf(n−1)−1

adE(r, n) + abrf(n+1) + rf(n+1)+1
 

where  

E(r, n) = rf(n−2) + rf(n−2)+3 + ⋯ + rf(n−2)+3(n−1). 

Hence 

E(r, n) = rf(n−2) ∑ r3j = r0.5(n−2)(n−1)n−1
j=0

r3n−1

r3−1
. 

y2n+1 =
dr0.5n(n−1)(r3−1)

adr0.5(n−2)(n−1)(r3n−1)+(abr0.5(n+1)(n+2)−1+r0.5(n+1)(n+2))(r3−1)
.  

After some simplifications we are done. 

Corollary (4.6): If 𝑎𝑏 + 𝑟 , 𝑎𝑑 > 0 , |r| > 1 then the solution of the system (4) converges 

to zero. 

proof: We rewrite as follows 

y2n+1 =
d(r3−1)

adr(r2n−r−n)+abr2n(r3−1)+r2n+1(r3−1)
=

d(r3−1)

adr(r2n−r−n)+r2n(r3−1)(ab+r)
.  

 

According to our assumptions r2n tends to infinity, r−n tends to zero. Further the 

denominator consists of two terms, which have the same sign. So its absolute value tends 

to infinity. Thus odd terms tend to zero, and the even terms do so, since they have less 

absolute value according to the formula. 

Conclusions  

       We determined the limit of some sequences without determined the explicit formula 

of the solution, which might be not easily expressible in closed form. We encountered 

many formulas, which were given by the software Mathematics. This was in the case r=1. 

There are still cases to be studied in the future since we studied special cases due to the 

lack of formulas of summations in some cases. In the last system we set x0 = 0 in order 

to simplify calculations. We can analogously set x1 = 0. But, the general case of arbitrary 

initial values is more likely to be complicated. This case can be a subject for future studies. 

Also the explicit formula of the solution was calculated in case r≠1. But, the limit was 

determined based upon this knowledge for |r|>1. 
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