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On the Limit of Two Dimensional Systems of Difference Equations With
One Independent Equations

Salem . AL-Ashhab' and Muftah .,A., Alhammalé’

Abstract:

In this paper we study systems of difference equations numerically and theoretically. These systems were
considered by many researchers. We will focus on the general form of the solution and the limits. We use
in certain cases the computer to verify the limit properties. In all the systems, the first equation is
independent of the second equation.
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Introduction

Difference equations appear as natural descriptions of observed evolution phenomena
because measurements of time evolving variables are discrete and as such, these equations
are in their own right important mathematical models. More importunately, difference
equations also appear in the study of discrimination methods for difference equations.
Several results in the theory of difference equation have been obtained as more or less
natural discrete analogues of corresponding results of difference equation. Recently many
researchers worked in the topic of the behavior of the solution of difference equations
[5,7], are working recently on this topic, especially on the rational difference equations.
The following difference equation

{1 A, }
X = maxiji—, .
n+1 Xy Xp_1
was studied (see [7]). In some cases they found the general form of the solution, also
they proved that every positive solution of this equation is bounded. In [3] Elsayed

computed the general form of the solutions of difference equation

Xn-5

X =
n+1 .
1+Xn-1Xpn-3Xn-s5
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Further, he proved that every positive solution of this equation is bounded and

limx, =0

n—»>oo

In [1], Abuhayal considered the following system of difference equations:

Xn-1 Xn—1Yn

X E— =
n+1 Xn_1+ i Yn+1 Xp—1Yn+ T

Abuhayal calculated the solution for the system with the following initial values:
Xo =a,X_1 =by,=c

In this solution distinguish between odd and even terms. In [9], Yaqoub considered the
following system of difference equations:

Xn—1 Yn

X _— — | —
L Yn+1 XnYn_1tT

proved the following result: Letr = 1 and a, b, ¢,d be real numbers. The solution for the
system with the following initial values:

X1 =aX =0,y_1 =by,=d
is
=0 - d = = d
*an = ’yzn_ab+(n—1)ad+1'xzn+1_a Y S o Y nad + 1

In [6] the following system of equations was studied by Ibrahim

Xn-1
Xn+1) _ | Xp—1 +T
(yn+1) o Yn-1 !
XnYn-1 +r

where r is a fixed real number, with the following initial condition:
Xg= b,x.1=cy,= ay-1=d.

In [6] Ibrahim proved the following result: Let a ,b ,c ,d, r be positive real numbers. Then,
the general solution of the following system:

C
X = —-_. X = —
2k 7 Gk P T2k T Gok+1)

ack

Yok = acktayK  ck-i+1yi-1 l'l};% G(ck—j)+rk H]kz—ol G(ck-j)’
dbk+1
Yok+1 = dbK+14db YK bk-i+1ri-1 H};S G(b,k—j)+rk H]k=—01 G(bk-j)’
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where
G(c,0) =c+r, G(c,i) = c+rG(c,i—1).

In [4] Bany Khaled considered the system

X X y
J— n—l1 n—1."n-1
X —_—n —n—-n-

n+1 X, +tr Dyn+] T Xp1Vna+7

with initial values
x,=a,x,=0,y,=b,
Hence, according to definition obtain
Xy, =0,y,, =0.
Bany Khaled proved an estimate for the solution. Based on it she proved: If a,b>0 and

r>1such that a’ <r, then limx,, , =0,limy,, =0.

1. Main Results

In this paper we consider the following systems

Xn+1 = X:ﬁ v Yn+1 & X::—;Zil (1)
_ Xp-1 _—  Xn-1¥Yn-1
Xn+1 = Xp_q+r y Yn+1 = Xp—1Yn—1+1 (2)
We define
1
W, 0= Elcorgey - RO =TO)-Th,1) ()

we verified the following result by Mathematic for p >0,

f 1 _  e-DRE-1 _ (E+p)R(E+p) 4)
J1=0r(+p) I'(p) I(f+1+p)

where e is the Euler number (approx. 2.718) and I'(a,x) is the incomplete gamma function.

we verified also the following summation laws by Mathematical for m,n > 0:

m_lL _ r{d+1)(m-1)!
[T l+d = TI(d+m) ()
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n—1T@+) _ T(d+n)
DR, (1-1)! ~ (d+1)(n-2)! (6)

Hence, we obtain

m L __ I'(d+1)m! n—1 ['(d+m) _ T(d+n) .
l—[l=11+d T r(d+m+1)’ “M=2 (m_1)1 © (d+1)(n-2)! [d+1) (7)
n (d+m)  T(d+n+1) _ r(d+2) _ Tr(d+n+1) _ _
m=3 1)~ (d+1)(n—1)! d+1) 2-1!  (d+1)(n-1)! rd+1)
rd+2) (8
n  T(d+m+1) _ <nppl@+) _ Td+n+2) _
m=2 " = 23 Gy = @ennr L@+ D =T+ 2) (9)

1.1. The general solution of system (1)

We study now the system (1) with initial values

Xo =a,X_1 =b,y, =c.
We find that in general

a a™ 1bc
X, = ———, =
"nThat+1" T TP

,forn=1,2,...

P,y; =a"bc+ ((n—1)a+1)P,, P =bc+1.
hence

P, = a" !bcl (n -2+ %) *W(a,n—2) + Z,

where
a"’r (n -2+ %)

M)

7 =

P,.

We reach the following result

Proposition (2-1): The general solution of the system (1) is:
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a bc a

M1 T b1 a1

B abce™'T(1+a Hr'(n+a?)
" (n+al-1)Tm+at-1R@E@) - T@aHRn+a1-1)+T(n+al-1)

¥n

proof: we concluded previously that

_ r+a™) a" 1bc
Yo = n—1+aYatbcl'(1+a)W(an—2) +a*2(bc+1)

If wesetp = ? = 1+ a~tin(4), then we obtain forn = 2,3, ...

ale(l(a™l) —-r(@7?i1)

Wan-2)= I +a )
en—1+aHTmh—-1+a ) -Th—-1+a%1)
B ['(n+a1) '
r(1+at) abc
Yn

- Ilh—1+aYHabcl(l+aHY)W(a,n—2)+bc+1
_abce™' T(1+a " )I(n+a™)
B H

Where:

H=T(n—-1+a"!)
+bc[ln+aHR@H+T(h—1+a1)
—(@n+1—-al(l+aYHR(n+at-1)]
=T(n+a?!-1Da((an+1—a)R@@a ) +a)
—(an+1—-ar(1+aHR(n+at-1)
=(@n+1-a)(aTn+at-—DR@H-TA+aHRnh+at-1))
+T(n+at1-1)
=(m+al-1D)Th+at-1DR@YH-T@YHYRM+at—-1)+Th+al-1)
since

Th+a HR@D+Tn-1+aH=Th+at-D((n—-1+aHRGE) +1)
=T(n+at'-Da((an+1-a)R(@@?) +a).
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Corollary (2-2) If a > 0, then the solution of the system (1) converges to

abcl'(1+a™1)
eR(a™1)
proof: We know
abce™'I'(1+a™?)

Yn =
e~ (B — e 4 p) + e
N abce~'r(1+a~1)
" R@ - 7F(nrfzj)_1)rz(n+a—1—1)+m
Since

R(b) =T (b) - I'(b,1) = [} e™"u"'du,
IRm+a1-1)| < f01 untaT i =2qy =

So, we are donel|

-0 as n—> o
n+a-1-1

1.2. The general solution of system (2)

We consider now the system (2) with the following initial values

X,=a,xy=cy,=by,=d

Proposition (2-3): If a,c > 0, then the general solution of the system (2) is

Xop =y Xy = nek
k1 T alk+D+1
_ r'e)
& T +TOCk+ W (E+2,k=3)+T(k+(c+1)
(L
Yok = () fork =3,4,...
C(0)+ TN+ =W (L + 2,k - 2) + T(k + 22)(a+ 1)
Proof: According to definition
X, _ a a x4y, _ ab ab

X, =

v+l a+l GO T x oy 41 ab+l H()
where we denote by G(n) (res. H(n)) the denominator of x, (res. y», ). Since the
variables x, and y, are separated in the even and the odd cases we are going to consider

just one case. Now, we obtain

a

X, = xO _ c _ c Y. = xl _ G . a _ a
PUxe+l e+l G2 T x4l g+l oa+G(1) GB)Y
__N)s G?S)*I-LIJ(};) _ a‘b _ a‘b
T xyetl gorpial a'b+GOHGS) H(T)
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In general we denote by
G (a)=a+1

We conclude that

k+1 k
c a a b c“d

Xok :% s X2k =mayzk+1 :m’ka =ma

H()=ab+1, HB)=a’b+GW)H(1)=a’b+G, (a)(ab+1),
H(5)=a’b+GQB)HQB)=a’b+G,(a)(a’b+G,(a)(ab+1))
= a’b+a’bG,(a)+G,(a)G,(a)(ab+1),
H(7)=a'b+G5)H(5) = a'*b+G,(a)(a’b+a’bG,(a)+G,(a)G,(a)(ab+1))
=a'b+a’bG(a)+a’bG,(a)G,(a)+G (a)G,(a)G;(a)(ab+1).

We use the notation

8,@=]]6,(@

We rewrite
H@#3+1)=a'b+a’p 2D asz+B3(a)(ab+l)
B,(a) B,(a)
Thus the general form fork =3,4,5,..
H(2k+1) = ak“b+z ey Bl@ g yab ),
i=1 k—i
k-1
Zak+11 B (a) a bB,(a )z
i= B,_ ,(a) T B, (a)
Since
B ()=]]G,@=]](@+D
=1 =1
But
[T(p+aD=q""T(n+=r " (2)
Hence,

B,(a)=a"'T(n+=r"(1),

< a'r' kel g F(k"‘ ) = a_ir(i)

a""'bB, (a) —a _ 7 _
k Zl w-i(@) ') Zl UL (k =i+t
k-1
ba*"! F(k+l+a)z 1 =ba""' T(k + ”")Z !
a ST(k—i+) a ST+ )
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1+a 1

HQ2k+1) = a*"'b+bad"™" T(k+—W (= +2,k—2)+r*a"'T(k+ =) (1) (a +%)
a

a
K+l l+a 1 e+ 1 11 1
HQk+D)=a" b 1+T(k+——) W(—=+2,k-2)+a" T(k+=9)(;) (a+5)’
a a

B bl'(a™1)
Yzkta = F@)@A+Tk+1+a)Y)WR+aLk—2)+T(k+1+a1)(@+b1)y

Similarly we can prove the other case.l |
Corollary(2-4): If a, b, ¢, d > 0, then the solution of the system (2) converges to zero.

proof: Since

k-2
1

W(2 k-2 =Z
(2+a ) LT +2+a )

It is an incearsing function in k. So the denominator of y,,; increases to infinity. Similarly
we can prove the that y,, 1, X514 and X, converge to zero other case.’]

2. Generalizition of system 1

We generalize system (1) by replacing the form of x,, by a more general form as follows

a Xn—lYn
= Y = —P =012, .
*n G(I’l) Yo+t Xn-1¥n +1 !
where
Yo = ¢, G(n),n=-1,0,1,2, .... are known nonzero values,
a
g = X1¥o  _ G- © _ ac _ac
txaye+1 —G(a—l) c+1 ac+G(=1) P()
_a_ac
¥, = XoY1 _ GO)P(1) a’c _ a’c
2 = TE A TR -
Xoy1 +1 oL +1 a‘c+G(0)P(1) P(2)
_a_ a’c
_ XY2 GWPER) a’c _a’c
BTy +1 A2 ac+GPR) PGB
G(1) P(2)
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We obtain in general

ac

~ P()

Vn forn=1,2,..

where

P(n) = a"c+ G(nh—2)P(n— 1)forn=1,2,...

We make the convention P(0)=1. In details:

P(2) = a%c + G(0)P(1) = ac + acG(0) + G(—1)G(0)
P(3) = a3c+ G(1)P(2) = a3c + G(1)(a%c + acG(0) + G(—1)G(0)) =
a3c + a%cG(1) + acG(0)G(1) + G(-1)G(0)G(1)

In general whenn=4,5.6, ...

P(n) = a"c+a"1cG(n —2) + -+ + acG(0)G(1) ...G(n — 2)
+ G(-1)G(0)G(1) ...G(n = 2) = c(a™ + a" 1G(n — 2) + -
+aG(0)G(1) ...G(n — 2)) + G(—1)G(0)G(1) ...G(n — 2) =

n am
= B—]_’ -2 —1,n— =
cB(-1,n—2) ElB(—l, _2)+B( 1,n—2)
m=

n am
B(—1,n — 2) (C;B(—l,m—z) + 1)

Now, we are going to consider two cases regarding the form of G(1). We study the limit
of the solution in both cases and prove that

limy, = 0.
n—oo

Case 1: If we choose

GQ) = Y2 4s-1,-2
T1+2+d’ S

then we obtain G(I) # 0 forall1= —1,0, 1, .... Also,
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F(d+1)F(m+1) r(d+1m..rq) m 1

B(-1m-2) = Hl 1l+d r(d+m+1) = (d+m)...(d+1)I(d+1) = dem U d+D

Ifd>0then0 < B(—1,m —2) < 1. Also,

lim B(-1,n—2)=0

n—-oo

We know according to (5) - (9):

T rd+m)  T(d+n)
— (m—1)! “(d+1)(n—2)!

~Td+ 1),

n F(d+m+1) n+1 I'(d+m) _I(d+n+2)
m=1 = Lm=2 (m-1)! — (d+1)n! rd+1).
Hence, in case a=1
n a™ _ wvn 1 _+on I'd+m+1) 1 n TId+m+1) 1 I(d+n+2)
m=lpgc_ym-2)  “mM=1g1m-2)" “M=1r@d+1)m ~ rd+1)“m=1 m T r@d+1)\ (d+1)n!
__ I'(d+n+2) _
r(d+ 1)) © r(d+2)n! ’

am _ nird+1) (r(d+n+2) _ d+n+1  nif(d+1)
B(-1,n—2)Xn- 1B(-1,m-2) I‘(d+n+1)(r‘(d+2)n! )_ d+1 r(d+n+1)’
We note that

n! . n n—1 1 1
[(d+n+1) d+nd+n—-1"d+1Id+1)

n!'T'(d+1) . n n—1 1
[(d+n+1) d+nd+n-17"d+1

If d is a positive number, then

lim nr'(d+1) _ 0. lim d+n+1
n—oo '(d+n+1) ‘noo d+1

:OO’r{i—EroloB(_l’n 2) Y= 1m

Hence, whenc # 0

n qm n qm
P(l’l) = B(—l,n - 2) (C mzzlm + 1) = cB(—l,n - 2) mz:lm + B(—1,n - 2)

Hence in case a=1

lim |B(~1,n - 2) (cznmle(_L +1)| =,

N—s00 1,m-2)
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a"c . c
limyy = lim 525 = lim 5= 0.

Case 2: If we choose

G(-1) =ab™1,G() =la+ 1, forn=0,1,2,...

then we obtain G(1) # 0 for alll = —1,0, 1, .... Also, for m>1
am_lF(m -1+ i) B am-ir (m -1+ i)
ar(1+2)  obr(1+3)

n am & abr(1+3)
mzle(—Lm—Z) _nzlr(m—1+§)

B(~1,m—2) = ab™* H(la +1)=ab?
1=0

B(—1,n—2)zn: am a"r(n—1+2 Z“: abr ( =an " r(n-1+3)
LB1Lm=-2) br ( 1r(m—1+ &r(m-1+3)
F(n—1+§)_(n—2+§)1"(n—2+§)_ _(n—2+§)...(m—1+§)r(m—1+§)
r(m-1+2) r(m-1+2) r(m-1+2)
n m n n-mi1 W@, .
B(—1,n—2)r;:1—]3(_1’m_2)=a“m=1 D (n—l+5>=m=1an D (n—1+5>

Ifa>1thena®>1

 B(-1,n-2) % am
lim Z = oo,
n-oo an B(—1,m—2)
m=1

. B(-1,n-2) ah” 1F(n 1+) 1 1,
Jitg =75 = Jim - EXCEE lim S(n=2+43) A+ = o0,

Hence, whena > 1,c >0

P(n) = B(—l,n—Z)(cZ mH) _
m=1 !

n am
CB(—l,l’l - 2) z m + B(—1,n - 2)
m=1 ’

. B(-1n-2 am
lim 202 (yn
a

Ehet s 1) =

n—»>oo
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C

limy, = lim = = lim =0
n—>ooyn T pse % T nooo BGELN-2)( wn am -

al \chle(—l,m—2)+1)

3. Two systems with general parameter r

We consider the following system just in case of positive initial values and r:

Xn XnYn
Xn+1 = Xn_1+r'Yn+1 = Xn—lYn—1+r(3)
We will study first the following equation since this equation is separated than the second
one.
Lemma (4-1). Suppose x_,,r > 0,x, =a > 0. Then x, <ar™ , n=1,2,..

proof: We start with

X a a — .
X, = —— = <==ar! sincex_;+r>r>0.
X_q1+r X_1+r r

We consider this relation as basis step. We continue by induction: Suppose that

X, < ar~X for some integer k. Then according to definition and that x,_; > 0

XK <X_k<ark_ a

X = = =
k+1 Xg—1+T r r rk+1

Lemma (4-2): Assume 1,X_;,Y_1,X0, Yo > 0. Then y, > 0 forn =20,1,23, ...

proof: We start with

— XoYo _ X1y1
Yor1 = >0, y141 =
X0-1Yo0-11T Xoyotr

> 0.

We consider this relation as basis step. We continue by induction: Suppose that y, > 0
for some integer k. Then, we obtain

Xk+1Yk+1

=——->0
Yk+2 XY + T
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as the fraction of positive quantities This is the induction step. [

Lemma (4-3): Assume r,x_;,y; > 0 and x, = a > 0,y, = b. Then

y, < atbr 0o+ forn =1,2,3, ...

Proof: According to lemma 2.2

X a ab X X laab a%b
0Yo < Yo 1Y1 < 1Y1<____

y1=— _—— = [
X_1y_1+Tr T r Y2 XoYo + T r rrr 13

We consider this relation as basis step. We denote by

n(n+1)

fn)=1+2+3+4+-+n="2

Moreover,

Xy, a aa’b a’b
A A O]

We continue by induction: Suppose that

akb
Yk < rf(k)
for some integer k. Then, we obtain
_ XkVk < XkVk a Yk _ a akb _ ak+1b _ ak'”b D
Yk+1 = O o 4r - K ¢ pkH1pf0  [fGO+K+1 . pf(k+1)"

Theorem (4-4): Assume r > landx_4,y_q,Xq, Vo > 0. Then lim x, =0, lim y, = 0.
n—->oo

r—-00

proof: According to lemma (2.3)
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X0 _
0<x, < r—nl’l— 1,2, ..
On the other hand
1
——>0asn-> o
r

We apply the squeezing theorem in order to conclude the result for x,. Now, for y,, we
know that according to lemma 2.3

n
X0 Yo

0<y, < )

n=12 ..n

Since f(n) - o as n —» o we are done.[]

We consider a special case, namely r = 0. In this case it is easy to compute the general
solution. If we take the initial values

X-1=2a,X% =c¢,y-1=b,yo=d
Then we obtain for n =1, 2, ...

a

_ __ ya~2ncb
Xen-2 = EIY6n—2 = (C_z) T

— _ @ 2ng
» Xen-1 = & Yen-1 = (?) ,

and for n=0,1,2, ...

— _ 2n _Cc _ (c2\2ncd
Xen = G Yen = (@C)*"d,Xgniq = 2 Yen+1 = CO

1 1

. (2n+1)1 = — =
(a_z)( ot )B! Xen+3 = C’ Yén+3 = (ac)2n+1d'

1
X6n+2=5, Yen+2=
We notice that we have a periodic solution, which consists of 6 elements. This is an
essential change in the behavior of the sequence. It is an open problem, what will happen
if r is negative.
we study now the system

Xn-1 Yn (4)

X = — =
n+1 Xn+r’ Yn+1 Xp—1Yn—1+T

We consider one vanishing initial value in order to simplify the calculations. For

example,
X_1=aXy=0
y-1=byo=d
We obtain:
a d
X1 = ;’Y1 ~ Ab+r
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0 ab+r d
X = =
27 %+ Y2 r abr+r2
d d
a abr+r2
X3 = _Z’Y3 = a d = 2 3
r @bt ad+abr?+r
d d
2.3
X, = 0 — ad+abr4+4r —
4 Ya r adr+abr3+r#
d
Xe = a ye = adr+abr3+4rt dr
5— 5— -
r3’ 2 d . ad(r®+4r%+3) + abr2+3 4 r3+3
r2 ad+abr2+4r3
dr?!
Yo = 2 6 1 7
ad(r +r*) +abr® +r
dr 1+2
Yoy = ad(r+r*)+abré+r’ _ dr
g = =
a dr r ad(rl +ri+3 4 r1+6) + abrs+4 + r6+4

r3 ad(1+r3)+abrs+r6

dr1+2

"~ ad(r?2 4 r5 4+ r8) + abr10 4 r11

Vs

dr1+2+3

9 =
Y ad(ri+2 4 p142+3 { [142+6 4 [1+249) § gpro+5 4 (1045

drf®
- ad(rf(z) +rf@)+3 4 (f(2)+6 +rf(2)+9)+abrf(5)—1 +rf(5)"

We use as previous the notation

n(n+1)

fn)=1+2+3+4+-+n="2

Theorem (4-5): Assume r # land
X-1=3,% =0,y-1=by,=d

Then for n>2 the solution is given byy,, 4, = %y2n+1and

_ dr?(r3-1)
Yon+1 = 3n_ 30,13 30+113_17"
adr(r 1)+abr>(r>—1)+r (r’-1)

proof. According to previous calculations we see that forn = 3,4, 5, ...

a

Xon = 0,X2n41 = TR

drfn-1)
Yant1 = adE(r,n) + abrf(+1)-1 4 pf(n+1)’
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drf(n—l)—l

Yon+2 = adE(r, n) + abrf®+1) 4 pfin+D+1

where

E(r,n) = rf(=2) 4 (f-2+3 4 . 4 (f-2)+3(n-1),
Hence

E(r,n) = rf0=2) $rol ¥ = 0se-20-n It

drO.Sn(n—l) (I'3 _ 1)
Yon+1 = adr0-5(n=2)(n-1) (130 _1)4 (abr0-5(n+1)(n+2)-14 0.5(n+1)(n+2))(r3-1)"

After some simplifications we are done.

Corollary (4.6): Ifab + r,ad > 0, |r| > 1 then the solution of the system (4) converges
to zero.
proof: We rewrite as follows

_ d(r3-1) _ d(r3-1)
Yan+1 = adr(r20—r—M)+abr20(r3-1)+r2n+1(r3-1) - adr(r2n—r—m)+r20(r3—1)(ab+r)’

According to our assumptions r?" tends to infinity, r ™ tends to zero. Further the
denominator consists of two terms, which have the same sign. So its absolute value tends
to infinity. Thus odd terms tend to zero, and the even terms do so, since they have less
absolute value according to the formula.[]

Conclusions

We determined the limit of some sequences without determined the explicit formula
of the solution, which might be not easily expressible in closed form. We encountered
many formulas, which were given by the software Mathematics. This was in the case r=1.
There are still cases to be studied in the future since we studied special cases due to the
lack of formulas of summations in some cases. In the last system we set x, = 0 in order
to simplify calculations. We can analogously set x; = 0. But, the general case of arbitrary
initial values is more likely to be complicated. This case can be a subject for future studies.
Also the explicit formula of the solution was calculated in case r#1. But, the limit was
determined based upon this knowledge for [r[>1.

References

[1] Manal A. Abu Alhayal, A Study on the Solutions of Rational Difference Equations with Hypergeometric
Functions, Ms. C. thesis, Al-albayt university (2017).

Page |179 |



Rawafed Almarefa Journal (Vol. 8, 2023) On the Limit of Two Dimensional Systems

‘xn+1
xn+1 =o0+—
[2] A. M. Amleh, E. A. Grove and G. Ladas, On the recursive sequence X , J. Math. Anal.

Appl. 233 (1999) 790-798.

[3] E. M. El-sayed, Dynamics of a Rational Recursive Sequence, International Journal of Difference
Equations,  Volume 4, Number 2 (2009) 185-200.

[4] Intisar M. Bany Khaled,A study on bounded and limits of the solution of system of difference
equations, Ms. C. thesis, Al-albayt university (2019).

[5] A. Kurbanli, On the Behavior of Solutions of the System of Rational Difference Equations:

X b% z
— n-1 — n-1 _ n-1
X+l T > Y1 ™ > and Zo1—

xn—l.yn_1 ‘X"n.yn—l_1 .ynZn—l_1
Discrete Dynamics in Nature and Society, Volume 2011 (2011).

[6] Faiza D. Ibrahim, A study of the solution for systems of difference equations, Ms. C. thesis, Al-albayt
university (2015).

[7] H. El. Metwally, E.M. El-Abbasy, E.M. El-Sayed, The Periodicity Character of a Difference Equation
,International Journal of Nonlinear Science(2009).

[8] Ghadeer Mashaqgbeh, A Study of the Solution of Difference Equations Using the Pochhammer Symbol,
Ms. C. thesis, Al-albayt university (2018).

[9] Batool Yacuob, A Study on the Solution of Rational Systems of Difference Equations, Ms. C. thesis, Al-
albayt university (2018).

Page |180 |



