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Abstract 

This paper aimed to investigate and study some new subclasses of univalent 

starlike, convex and close – to – convex functions which defined by Jung, Kim 

and Srivastava operator P 
. The inclusion relations are established and the 

properties of integral operator P 
 in these subclasses is discussed.  

Also We obtain some results of inclusion relations for composition operation 

of the operator P 
, and Bernardi integral operator ,1cJ

: P 
( ,1cJ

f (z))  of 

functions f(z), belonging to these subclasses of univalent analytic functions. 

The main results of this paper are to obtain the properties and inclusion 

relations for subclasses of univalent functions involving the operator P 
 and  

P 
( ,1cJ

f(z)) . 
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1. Introduction 

Let A denote the class of function of the form: 

 

                 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧𝑛∞
𝑛=2  .          (1.1) 

Which are analytic in the open unit disk 𝑈 = {𝑧: |𝑧| < 1}. 

A function 𝑓 ∈ 𝐴 is said to be in the class 𝑆∗(𝛼) of univalent starlike 

functions of order α , if it satisfies 

𝑅𝑒 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝛼(0 ≤ 𝛼 < 1 , 𝑧 ∈ 𝑈) .   (1.2) 

We write 𝑆∗(0) = 𝑆∗ the class of univalent starlike functions in U. 

 

A function 𝑓 ∈ 𝐴 is said to be in the class C(α) of univalent convex 

functions of order α, if it satisfies 

𝑅𝑒 ( 1 +  
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝛼    (0 ≤ 𝛼 < 1, 𝑧 ∈ 𝑈).     (1.3) 

The class of univalent convex functions in U is denoted by 𝐶 = 𝐶(0). It 

follows from (1.2) and (1.3) that 

𝑓(𝑧) ∈ 𝐶(𝛼) if and only if 

                                                     𝑧𝑓′(𝑧) ∈ 𝑆∗(𝛼), (0 ≤ 𝛼 < 1). (1.4) 

        These classes 𝑆∗ and 𝐶 was introduced by Goodman [1, 2]. 

 

Furthermore, a function 𝑓 ∈ 𝐴 is said to be univalent close-to-convex of 

order β and Type γ in U , if there exists a function 𝑔 ∈ 𝑆∗(𝛾) such that 

 

𝑅𝑒 (
𝑧𝑓′(𝑧)

𝑔(𝑧)
) > 𝛽, (0 ≤ 𝛽 , 𝛾 < 1 , 𝑧 ∈ 𝑈) .      (1.5) 

We denote by B(𝛽, 𝛾) , the subclass of A consisting of all such functions.   

The class B(β, γ), was studied by Kaplan [3] and Libera [4]. 

For the functions 𝑓𝑗(𝑧) (𝑗 = 1,2) defined by 

𝑓𝑗(𝑧) = 𝑧 + ∑ 𝑎𝑘,𝑗 
∞
𝑘=2 𝑧𝑘 .        (1.6) 

We denote the Hadamard product (or convolution) 

𝑓1(𝑧) ∗ 𝑓2(𝑧) = 𝑧 +  ∑ 𝑎𝑘,1𝑎𝑘,2𝑧𝑘∞
𝑘=2   . (1.7) 

For 𝑓(𝑧) ∈ 𝐴  given by (1.1), Jung, Kim and Srivastava [5], have 

introduced the following one parameter integral operator: 
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𝑃𝛼𝑓(𝑧) =
2𝛼

𝑧𝛤(𝛼)
∫ (𝑙𝑛

𝑧

𝑡
)

𝛼−1

𝑓(𝑡)𝑑𝑡
𝑧

0
 , (𝛼 > 0), (1.8) 

or equivalently by 

                       𝑃𝛼𝑓(𝑧) = 𝑧 +  ∑ (
2

𝑛+1
)

𝛼

𝑎𝑛𝑧𝑛∞
𝑛=2  , (𝛼 > 0). (1.9) 

From (1.9), we get the identity  

𝑧(𝑃𝛼𝑓(𝑧))
′

= 2𝑃𝛼−1𝑓(𝑧) − 𝑃𝛼𝑓(𝑧).  (1.10) 

Using the operator 𝑃𝛼𝑓(𝑧) , we now introduce the following classes. 

𝑆𝛼
∗ (𝜆) = {𝑓 ∈ 𝐴 ∶ 𝑃𝛼−1𝑓(𝑧) ∈ 𝑆∗(𝜆), 0 ≤ 𝜆 < 1, 𝛼 > 0} 

𝐶𝛼(𝜆) = {𝑓 ∈ 𝐴 ∶ 𝑃𝛼−1𝑓(𝑧) ∈ 𝐶(𝜆), 0 ≤ 𝜆 < 1, 𝛼 > 0} 

and 

𝐵𝛼(𝛽, 𝛾) = {𝑓 ∈ 𝐴 ∶ 𝑃𝛼−1𝑓(𝑧) ∈ 𝐵(𝛽, 𝛾), 0 ≤ 𝛽 , 𝛾 < 1 , 𝛼 > 0}. 
In this paper, we shall establish inclusion relations for these classes and 

investigate integral operator in these classes. 

2. Inclusion Relations 

In order to prove our main results, we shall require the following lemma. 

Lemma [6,7,8]  

Let  𝜙 ∶ 𝐷 ⟶ ℂ, 𝐷 ⊂ ℂ × ℂ  (ℂ 𝑖𝑠 𝑡ℎ𝑒𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑝𝑙𝑎𝑛𝑒). 
and let 𝑢 = 𝑢1 + 𝑖𝑢2, 𝑣 = 𝑣1 + 𝑖𝑣2. Suppose that the function 𝜙(𝑢, 𝑣) 

satisfies 

 (i) 𝜙(𝑢, 𝑣)is continuous in 𝐷; (ii) (1,0) ∈ 𝐷 and 𝑅𝑒{𝜙(1,0)} > 0; (iii) for 

all (𝑖𝑢2, 𝑣1) ∈ 𝐷 such that 

𝑣1 ≤ −
(1 + 𝑢2

2)

2
, 𝑅𝑒{𝜙(𝑖𝑢2, 𝑣1)} ≤ 0. 

Let 𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧2 + ⋯ be regular in the unit disk U, such that 

(𝑝(𝑧), 𝑧𝑝′(𝑧)) ∈ 𝐷 for all 𝑧 ∈ 𝑈. If 𝑅𝑒 {𝜙 (𝑝(𝑧), 𝑧𝑝′(𝑧))} > 0 (𝑧 ∈ 𝑈). 

Then 𝑅𝑒{𝑝(𝑧)} > 0 (𝑧 ∈ 𝑈). 
Our first theorem is stated as: 

Theorem 1. 

𝑆𝛼
∗ (𝜆) ⊂ 𝑆𝛼+1

∗ (𝜆), (𝛼 > 0). 

Proof. Let 𝑓 ∈ 𝑆𝛼
∗ (𝜆) and set 

𝑍(𝑃𝛼𝑓(𝑧))
′

𝑃𝛼𝑓(𝑧)
= 𝜆 + (1 − 𝜆)ℎ(𝑧), (2.1) 

whereℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧2 + ⋯ using the identity (1.10), we have  
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𝑃𝛼−1𝑓(𝑧)

𝑃𝛼𝑓(𝑧)
=

1

2
[

𝑧(𝑃𝛼𝑓(𝑧))
′

𝑃𝛼𝑓(𝑧)
+ 1] =

1

2
[𝜆 + (1 − 𝜆)ℎ(𝑧) + 1].     (2.2) 

Differentiating (2.2), and multiply both sides by z, we obtain  

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1𝑓(𝑧)
=

𝑧(𝑃𝛼𝑓(𝑧))
′

𝑃𝛼𝑓(𝑧)
+

(1 − 𝜆)𝑧ℎ′(𝑧)

𝜆 + (1 − 𝜆)ℎ(𝑧) + 1
 

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1𝑓(𝑧)
− 𝜆 = (1 − 𝜆)ℎ(𝑧) +

(1−𝜆)𝑧ℎ′(𝑧)

1+𝜆+(1−𝜆)ℎ(𝑧)
.        (2.3) 

functiontheNow we form 𝜙(𝑢, 𝑣) takingby 𝑢 = ℎ(𝑧), 𝑣 =
𝑧ℎ′(𝑧)𝑖𝑛 (2.3)𝑎𝑠: 

𝜙(𝑢, 𝑣) = (1 − 𝜆)𝑢 +
(1−𝜆)𝑣

1+𝜆+(1−𝜆)𝑢
.                                 (2.4) 

It is easy to see that the function 𝜙(𝑢, 𝑣) satisfies conditions (i) and (ii) of 

Lemma 1, in 𝐷 = (ℂ − {
1+𝜆

𝜆−1
}) × ℂ. 

To verify condition (iii), we calculate as follows: 

 

𝑅𝑒 𝜙(𝑖𝑢2, 𝑣1) = 𝑅𝑒 {
(1 − 𝜆)𝑣1

1 + 𝜆 + (1 − 𝜆)𝑖𝑢2
} 

                          =
(1 − 𝜆)(1 + 𝜆)𝑣1

(1 + 𝜆)2 + (1 − 𝜆)2𝑢2
2 

              ≤ −
(1−𝜆)(1+𝜆)(1+𝑢2

2)

2{(1+𝜆)2+(1−𝜆)2𝑢2
2}

≤ 0, 

where 𝑣1 ≤ −
(1+𝑢2

2)

2
 and (𝑖𝑢2, 𝑣1) ∈ 𝐷. Therefore the function 𝜙(𝑢, 𝑣) 

satisfies the conditions of Lemma 1. This shows that if 

𝑅𝑒 𝜙(ℎ(𝑧), 𝑧ℎ′(𝑧)) > 0  (𝑧 ∈ 𝑈), then 𝑅𝑒ℎ(𝑧) > 0 (𝑧 ∈ 𝑈), that is if 

𝑓(𝑧) ∈ 𝑆𝛼
∗ (𝜆) then 𝑓(𝑧) ∈ 𝑆𝛼+1

∗ (𝜆). The proof is complete. 

Theorem 2. 

𝐶𝛼(𝜆) ⊂ 𝐶𝛼+1(𝜆) , (𝛼 > 0). 

Proof.  𝑓(𝑧) ∈ 𝐶𝛼(𝜆) ⟺ 𝑃𝛼−1𝑓(𝑧) ∈ 𝐶(𝜆) 

⟺ 𝑧(𝑃𝛼−1𝑓(𝑧))
′

∈ 𝑆∗(𝜆)  
 

                                   ⟺ 𝑃𝛼−1(𝑧𝑓 ′) ∈ 𝑆∗(𝜆) 

⟺ 𝑧𝑓 ′(𝑧) ∈ 𝑆𝛼
∗ (𝜆)              

⟹ 𝑧𝑓 ′(𝑧) ∈ 𝑆𝛼+1
∗ (𝜆)          

                                   ⟺ 𝑃𝛼 (𝑧𝑓 ′(𝑧)) ∈ 𝑆∗(𝜆) 
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⟺ 𝑧(𝑃𝛼𝑓(𝑧))
′

∈ 𝑆∗(𝜆)      

⟺ 𝑃𝛼𝑓(𝑧) ∈ 𝐶(𝜆)               
⟺ 𝑓(𝑧) ∈ 𝐶𝛼+1(𝜆)              

Which evidently proves Theorem 2. 

Theorem 3. 

𝐵𝛼(𝛽, 𝛾) ⊂ 𝐵𝛼+1(𝛽, 𝛾). 
Proof .Let 𝑓(𝑧) ∈ 𝐵𝛼(𝛽, 𝛾). then there exists a function 𝑘(𝑧) ∈ 𝑆∗(𝛾) 

such that 

     𝑅𝑒 {
𝑧(𝑃𝛼−1𝑓(𝑧))

′

𝑘(𝑧)
} > 𝛽 , (𝑧 ∈ 𝑈). 

Taking the function g(𝑧) which satisfies 𝑃𝛼−1g(𝑧) = 𝑘(𝑧), we have 
g(𝑧) ∈ 𝑆𝛼

∗ (𝛾)and 

                𝑅𝑒 {
𝑧(𝑃𝛼−1𝑓(𝑧))

′

𝑃𝛼−1g(𝑧)
} > 𝛽 , (𝑧 ∈ 𝑈). 

 
Now set 
𝑧(𝑃𝛼𝑓(𝑧))

′

𝑃𝛼g(𝑧)
= 𝛽 + (1 − 𝛽)ℎ(𝑧),   (2.5) 

where ℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧2 + ⋯ from (2.5), we have 

  𝑧(𝑃𝛼𝑓(𝑧))
′

= 𝑃𝛼g(𝑧)[𝛽 + (1 − 𝛽)ℎ(𝑧)]. (2.6) 

So that from (2.6) and the identity (1.10), we have  

                        2𝑧(𝑃𝛼−1𝑓(𝑧))
′

= 𝑧(𝑃𝛼g(𝑧))
′
[𝛽 + (1 − 𝛽)ℎ(𝑧)] 

   +𝑃𝛼g(𝑧)[(1 − 𝛽)𝑧ℎ′(𝑧)] + 𝑧(𝑃𝛼𝑓(𝑧))
′
. (2.7) 

Now apply (1.10) for the function g(𝑧) and use (2.7) to obtain 

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1g(𝑧)
= 𝛽 + (1 − 𝛽)ℎ(𝑧) +

𝑃𝛼g(𝑧)

𝑃𝛼−1g(𝑧)
(

(1−𝛽)𝑧ℎ′(𝑧)

2
).  (2.8) 

Since g(𝑧) ∈ 𝑆𝛼
∗ (𝛾) and 𝑆𝛼

∗ (𝛾) ⊂ 𝑆𝛼+1
∗ (𝛾), we let 

𝑧(𝑃𝛼g(𝑧))
′

𝑃𝛼g(𝑧)
= 𝛼 + (1 − 𝛼)𝐻(𝑧) , 

where𝑅𝑒(𝐻(𝑧)) > 0 ,   (𝑧 ∈ 𝑈) . Thus(2.8), can bewritten as : 

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1g(𝑧)
− 𝛽 = (1 − 𝛽)ℎ(𝑧) +

(1−𝛽)𝑧ℎ′(𝑧)

1+𝛾+(1−𝛾)𝐻(𝑧)
 .  (2.9) 
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Now we form the function 𝜙(𝑢, 𝑣) by taking  
𝑢 = ℎ(𝑧), 𝑣 = 𝑧ℎ′(𝑧)𝑖𝑛 (2.9)𝑎𝑠: 

𝜙(𝑢, 𝑣) = (1 − 𝛽)𝑢 +
(1 − 𝛽)𝑣

1 + 𝛾 + (1 − 𝛾)𝐻(𝑧)
 .            

It is easy to see that the function 𝜙(𝑢, 𝑣) satisfies conditions (i) and (ii) 
of Lemma 1, in 𝐷 = ℂ × ℂ. 

To verify condition (iii), we proceed as follows: 
 

𝑅𝑒𝜙(𝑖𝑢2, 𝑣1) =
(1 − 𝛽)𝑣1[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]

[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]2 + [(1 − 𝛾)ℎ2(𝑥, 𝑦)]2
, 

where 𝐻(𝑧) = ℎ1(𝑥, 𝑦) + 𝑖ℎ2(𝑥, 𝑦) , ℎ1(𝑥, 𝑦) 𝑎𝑛𝑑 ℎ2(𝑥, 𝑦)  
being functions of 𝑥 and 𝑦 and 

𝑅𝑒𝐻(𝑧) = ℎ1(𝑥, 𝑦) > 0. 

By putting 𝑣1 ≤
−(1+𝑢2

2)

2
, we have 

𝑅𝑒𝜙(𝑖𝑢2, 𝑣1) = −
(1 − 𝛽)(1 + 𝑢2

2)[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]

[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]2 + [(1 − 𝛾)ℎ2(𝑥, 𝑦)]2
< 0. 

Hence 𝑅𝑒ℎ(𝑧) > 0 ,   (𝑧 ∈ 𝑈), and so 𝑓(𝑧) ∈ 𝛽𝛼+1(𝛽, 𝛾). 
This completes the proof of Theorem 3.
 

3. Integral operator 

For 𝑐 > −1 and 𝑓(𝑧) ∈ 𝐴, Bernardi [9],was introduced the integral 
operator  𝐽𝑐,1𝑓(𝑧) as:  

𝐽𝑐,1(𝑓(𝑧)) =
𝑐+1

𝑧𝑐 ∫ 𝑡𝑐−1𝑓(𝑡)𝑑𝑡.
𝑧

0
 (3.1) 

In particular, the operator 𝐽1,1 was studied earlier by Libera [10] and 
Livingston [11].  

Theorem 4. 

Let 𝐶 > −𝛾 If 𝑓(𝑧) ∈ 𝑆𝛼
∗ (𝛾),then 𝐽𝑐,1𝑓(𝑧) ∈ 𝑆𝛼

∗ (𝛾). 
Proof: Let 𝑓(𝑧) ∈ 𝑆𝛼

∗ (𝛾), from (3.1), we have 

𝑧 (𝑃𝛼−1𝐽𝑐,1𝑓(𝑧))
′

= (𝑐 + 1)𝑃𝛼−1𝑓(𝑧) − 𝑐𝑃𝛼−1𝐽𝑐,1𝑓(𝑧) . (3.2) 

Set 

𝑧(𝑃𝛼−1𝐽𝑐,1𝑓(𝑧))
′

𝑃𝛼−1𝐽𝑐,1𝑓(𝑧)
= 𝛾 + (1 − 𝛾)ℎ(𝑧),     (3.3) 

whereℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧2 + ⋯ 
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Using the identity (3.3), (3.2), we have 
𝑃𝛼−1𝑓(𝑧)

𝑃𝛼−1𝐽𝑐,1𝑓(𝑧)
=

1

𝑐+1
[𝑐 + 𝛾 + (1 − 𝛾)ℎ(𝑧)] .  (3.4) 

Differentiating (3.4),and multiply both sides by  z, we get  

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1𝑓(𝑧)
=

𝑧 (𝑃𝛼−1𝐽𝑐,1𝑓(𝑧))
′

𝑃𝛼−1𝐽𝑐,1𝑓(𝑧)
+

(1 − 𝛾)𝑧ℎ′(𝑧)

𝑐 + 𝛾 + (1 − 𝛾)ℎ(𝑧)
.

From (3.3), we get 

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1𝑓(𝑧)
− 𝛾 = (1 − 𝛾)ℎ(𝑧) +

(1−𝛾)𝑧ℎ′(𝑧)

𝑐+𝛾+(1−𝛾)ℎ(𝑧)
.      (3.5)   

Now we form the function 𝜙(𝑢, 𝑣) by taking  
𝑢 = ℎ(𝑧), 𝑣 = 𝑧ℎ′(𝑧)𝑖𝑛 (3.5)𝑎𝑠 

𝜙(𝑢, 𝑣) = (1 − 𝛾)𝑢 +
(1 − 𝛾)𝑣

𝑐 + 𝛾 + (1 − 𝛾)𝑢
. 

It is easy to see that the function 𝜙(𝑢, 𝑣) satisfies conditions (i) and (ii) of 

Lemma1, in 𝐷 = (ℂ − {
𝑐+𝛾

𝛾−1
}) × ℂ. 

To verify condition (iii), we calculate as follows: 

𝑅𝑒𝜙(𝑖𝑢2, 𝑣1) = 𝑅𝑒 {
(1 − 𝛾)𝑣1

𝑐 + 𝛾 + (1 − 𝛾)𝑖𝑢2
} 

                         =
(1 − 𝛾)(𝑐 + 𝛾)𝑣1

(𝑐 + 𝛾)2 + (1 − 𝛾)2𝑢2
2 

               ≤ −
(1 − 𝛾)(𝑐 + 𝛾)(1 + 𝑢2

2)

2(𝑐 + 𝛾)2 + (1 − 𝛾)2𝑢2
2 < 0, 

where 𝑣1 ≤ −
(1+𝑢2

2)

2
 , and (𝑖𝑢2, 𝑣1) ∈ 𝐷, therefore the function𝜙(𝑢, 𝑣), 

satisfies conditions of Lemma 1. This shows that if 𝑅𝑒𝜙(𝑢, 𝑣) > 0 , 𝑧 ∈ 𝑈, then 
𝑅𝑒(ℎ(𝑧)) > 0 then 𝐽𝑐,1𝑓(𝑧) ∈ 𝑆𝛼

∗ (𝛾).  The proof is complete. 

Theorem 5. 

Let > −𝛾 , If 𝑓(𝑧) ∈ 𝑐𝛼(𝛾), then 𝐽𝑐,1𝑓(𝑧) ∈ 𝐶𝛼(𝛾). 

Proof. Let 𝑓(𝑧) ∈ 𝑐𝛼(𝛾) ⟹ 𝑧𝑓 ′(𝑧) ∈ 𝑆𝛼
∗ (𝛾) 

                                       ⟹ 𝐽𝑐,1 (𝑧𝑓 ′(𝑧)) ∈ 𝑆𝛼
∗ (𝛾) [𝑇ℎ𝑒𝑟𝑜𝑒𝑚 4] 

𝑧𝐽𝑐,1 (𝑓 ′(𝑧)) ∈ 𝑆𝛼
∗ (𝛾) ⟺ 𝑧 (𝐽𝑐,1𝑓(𝑧))

′

∈ 𝑆𝛼
∗ (𝛾)                                     

⟺ 𝐽𝑐,1𝑓(𝑧) ∈ 𝑐𝛼(𝛾).    

The proof is complete 
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Theorem 6. 

Let  𝑐 > −γ . If 𝑓(𝑧) ∈ 𝐵𝛼(𝛽, 𝛾) then 𝐽𝑐,1𝑓(𝑧) ∈ 𝐵𝛼(𝛽, 𝛾). 
Proof. Let 𝑓(𝑧) ∈ 𝐵𝛼(𝛽, 𝛾). Then by the definition there exists a function  

g(𝑧) ∈ 𝑆𝛼
∗ (𝛾) such that 

𝑅𝑒 {
𝑧(𝑃𝛼−1𝑓(𝑧))

′

𝑃𝛼−1g(𝑧)
} > 𝛽 ,    (𝑧 ∈ 𝑈). 

Put 

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1𝐽𝑐,1g(𝑧)
= 𝛽 + (1 − 𝛽)ℎ(𝑧), (3.6) 

whereℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧2 + ⋯From (3.2), we have 
(𝑐 + 1)𝑃𝛼−1𝑓(𝑧) − 𝑐𝑃𝛼−1𝐽𝑐,1𝑓(𝑧)

𝑃𝛼−1𝐽𝑐,1g(𝑧)
= 𝛽 + (1 − 𝛽)ℎ(𝑧) 

(𝑐 + 1)𝑃𝛼−1𝑓(𝑧) − 𝑐𝑃𝛼−1𝐽𝑐,1𝑓(𝑧) = (𝑃𝛼−1𝐽𝑐,1g(𝑧)) (𝛽 + (1 − 𝛽)ℎ(𝑧)). 

Differentiating both sides and multiply by z, we get 

(𝑐 + 1)𝑧(𝑃𝛼−1𝑓(𝑧))
′

= 𝑧 (𝑃𝛼−1𝐽𝑐,1(𝑔(𝑧)))
′

[𝛽 + (1 − 𝛽)ℎ(𝑧)] 

                               + (𝑃𝛼−1𝐽𝑐,1(𝑔(𝑧))) ((1 − 𝛽)𝑧ℎ′(𝑧)) +

                                                         𝑐𝑧 (𝑃𝛼−1𝐽𝑐,1(𝑓(𝑧)))
′

. (3.7) 

 
Now apply (3.2) for the function g(z) and use (3.7), to obtain 

𝑧(𝑃𝛼−1𝑓(𝑧))
′

𝑃𝛼−1g(𝑧)
= 𝛽 + (1 − 𝛽)ℎ(𝑧) +

𝑃𝛼−1𝐽𝐶,1(g(𝑧))

𝑃𝛼−1g(𝑧)
.

(1−𝛽)𝑧ℎ′(𝑧)

𝑐+1
  . (3.8) 

Since g(𝑧) ∈ 𝑠𝛼
∗ (𝛾), then from Theorem 4, 

𝐽𝑐,1(𝑓(𝑧)) ∈ 𝑆𝛼
∗ (𝛾),we let 

𝑧(𝑃𝛼−1𝐽𝐶,1(g(𝑧)))
′

𝑃𝛼−1g(𝑧)
= 𝛾 + (1 − 𝛾)𝐻(𝑧). 

Where 𝑅𝑒(𝐻(𝑧)) > 0 (𝑧 ∈ 𝑈). Thus (3.8) can be written as: 

𝑧(𝑃𝛼−1𝑓(𝑍))
′

𝑃𝛼−1g(𝑧)
− 𝛽 = (1 − 𝛽)ℎ(𝑧) +

(1−𝛽)𝑧ℎ′(𝑧)

𝑐+𝛾+(1+𝛾)𝐻(𝑧)
.                                      (3.9) 

Now  we form the function ∅(𝑢, 𝑣) by taking  
𝑢 = ℎ(𝑧), 𝑣 = 𝑧ℎ′(𝑧) 𝑖𝑛 (3.9)𝑎𝑠: 

𝜙(𝑢, 𝑣) = (1 − 𝛽)𝑢 +
(1−𝛽)𝑣

𝑢+𝛾+(1−𝛾)𝐻(𝑧)
. 
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It is easy to see that the function  𝜙(𝑢, 𝑣)satisfies conditions (i) and (ii) of 
Lemma1, in 𝐷 = ℂ ×ℂ.  

To verify condition (iii) we proceed as follows: 
 

𝑅𝑒𝜙(𝑖𝑢2, 𝑣1) =
(1 − 𝛽)𝑣1[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]

[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]2 + [(1 − 𝛾)ℎ2(𝑥, 𝑦)]2
, 

 
where𝐻(𝑧) = ℎ1(𝑥, 𝑦) + 𝑖ℎ2(𝑥, 𝑦) , ℎ1(𝑥, 𝑦) 𝑎𝑛𝑑 ℎ2(𝑥, 𝑦) being functions of 

𝑥 and 𝑦 and 𝑅𝑒𝐻(𝑧) = ℎ1(𝑥, 𝑦) > 0. 

By putting 𝑣1 ≤ −
(1+𝑢2

2)

2
, we have 

𝑅𝑒𝜙(𝑖𝑢2, 𝑣1) = −
(1 − 𝛽)(1 + 𝑢2

2)[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]

2{[1 + 𝛾 + (1 − 𝛾)ℎ1(𝑥, 𝑦)]2 + [(1 − 𝛾)ℎ2(𝑥, 𝑦)]2} 
≤ 0. 

Hence 𝑅𝑒ℎ(𝑧) > 0 ,   (𝑧 ∈ 𝑈) 
𝑎𝑛𝑑 𝑠𝑜 𝑓(𝑧) ∈ 𝛽𝛼+1(𝛽, 𝛾). This completes the proof of Theorem 6. 
 
------------------------------------------------------------------------------------------------
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